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More Photogrammetry for Wind-Tunnel Testing

Wim Ruyten¤

Jacobs Sverdrup, Arnold Air Force Base, Tennessee 37389-4300

Recent work by Liu et al. (Liu, T., Cattafesta, L. N., III, Radeztsky, R. H., and Burner, A. W., “Photogrammetry
Applied to Wind-Tunnel Testing,” AIAA Journal, Vol. 38, No. 6, 2000, pp. 964–971) has led to renewed interest
in the use of photogrammetry for measuring the position, attitude, and deformation of a test article in a wind
tunnel. The present research expands on this work with a more comprehensive mathematical model that can be
used not only for determining the interior parameters of the cameras, but also the wind-off alignment of both
the cameras and the test article relative to the wind tunnel. This calibration is achieved by combining data from
multiple cameras and multiple model attitude settings in a single least-squares � t, though (with eight cameras) as
many as 94 � t parameters can be involved. Similarly, data from multiple cameras are combined in a single six-
parameter � t to determine the position and attitude of the test article at wind-on conditions. Precision estimates
of � tted parameters are obtained through use of the covariance-matrix formalism and by bootstrapping. The
model is demonstrated on data from two pressure-sensitive paint tests. An absolute accuracy of 0.01 deg for pitch
measurements is demonstrated for this nonoptimized con� guration. Suggestions for improvements are given for a
dedicated optical model attitude measurement system.

I. Introduction

I N a recent paper1 Liu et al. describe the use of photogrammetry
to wind-tunnel testing. In essence, this is the applicationof pho-

tographicmethods (now mostly digital) to the measurementof posi-
tion, attitude,and deformationof an object, in this case, a test article
in a wind tunnel.Interestin photogrammetryis increasingfor several
reasons:1)The techniqueis nonintrusiveanddoesnot requirewiring
of the model; 2) accuracy can approach that of gravity-sensing in-
clinometers for measurementof pitch and roll,2¡4 while being more
sensitive to yaw; 3) photogrammetrylends itself to companionopti-
cal techniques such as luminescent paint measurements5¡9; 4) bias
error correctionscaused by dynamics are not required, as is the case
for inclinometers.10

Broadly speaking, application of photogrammetric methods can
be divided into two tasks: calibration of the instrument (that is, the
cameras) and use of the instrumentto measuredisplacements,orien-
tations, de� ections, and so on.11¡13 The paper by Liu et al. focuses
on the � rst task,particularlythecalibrationof the interiorparameters
of the cameras. These are the principal point and principal distance
and a set of parameters that describe deviationsfrom a purely linear
imaging process. In addition, for each camera a set of six exterior
parametersneedsto be speci� ed to describethe positionandorienta-
tionof thecamerarelative to a referencecoordinatesystem.Liu et al.
propose a single-point calibration in which a camera is mounted in
the wind tunnel, and a calibration object (for example, a multistep
block with known target locations) is placed in the � eld of view.
This leaves the task of relating the coordinates of the calibration
object to those of the wind tunnel. A similar single-point calibra-
tion is described by Ruyten based on use of the test article itself,2

on which are placed a number of registration targets. A drawback
of both single-pointapproachesis that they may require corrections
for misalignments between the model and the wind tunnel. For ex-
ample, it is shown in Ref. 2 that because of a roll misalignment an
apparentyawingcomponentis introducedduringa pure pitch sweep
of the test article. To account for such misalignments, a multipoint
calibration is introduced here. In it (Fig. 1) the positions and orien-
tations of multiple cameras relative to the wind tunnel are derived

Received 26 June 2001; revision received 2 January 2002; accepted for
publication 17 January 2002. This material is declared a work of the U.S.
Government and is not subject to copyright protection in the United States.
Copies of this paper may be made for personal or internal use, on condition
that the copier pay the $10.00 per-copy fee to the Copyright Clearance
Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include the code
0001-1452/02 $10.00 in correspondence with the CCC.

¤Engineer Specialist, AEDC Group, Instrumentation and Diagnostics
Branch, 609 Second Street. Senior Member AIAA.

from images of the test article at a range of attitude settings of the
model support system. Included in this calibration is a precise de-
terminationof the alignment of the test article relative to the tunnel.
To implement the multipoint, multicamera calibration, the conven-
tional photogrammetry model is expanded to include explicitly the
alignment and motion of the test article relative to the wind tunnel.
A new approach is advocated in which data from multiple cam-
eras are combined in a single least-squares � t, both for calibration
purposes and for optical model position and attitude determination.
This approach allows for a more comprehensive treatment of mea-
surement precision than is achieved in Refs. 1 and 2. The ensuing
mathematical model also can be used as the basis for automatic im-
age registration, as is reported in Ref. 14. An earlier version of the
present work has appeared as Ref. 15.

II. Theory
The analytical challenges of photogrammetry for wind-tunnel

testing considered here are calibration of the instrument (that is,
determination of the interior and exterior parameters of the cam-
eras) and use of the cameras to measure position and attitude of a
test article. Three coordinate systems play a role in the analysis.

The � rst is the model coordinate system, which is typically de-
� ned by the test customer. Model coordinatesof registration targets
on the test articleare de� ned in this coordinatesystem, for example,
through the use of a coordinate measuring machine. Model coordi-
nates are independent of the placement and orientation of the test
article. Changes in model coordinatescaused by deformationof the
test article are not considered here.

The second set of coordinates (to be denoted with an asterisk) is
that associated with the test facility. This is the tunnel coordinate
systemwith respectto which are to bedeterminedthe � xed locations
and orientationsof the camerasand the variablepositionandattitude
of the test article.

The third type of coordinate system is that associated with in-
dividual cameras. Image coordinates of the registration targets are
expressed in image pixels, typically with fractional values due to
subpixel centering.

A. Imaging Process
As is common in photogrammetry, the imaging process is de-

scribed by the projective transform. Let i denote a point on the
test article with model coordinates (xi ; yi ; zi ) and tunnel coordi-
nates (x¤

ki ; y¤
ki ; z¤

ki /, where k denotes a speci� c attitude setting of the
model support system. When viewed by an ideal camera c (that is,
without lens distortion), the image coordinates (in pixels) of point i
would be given by

1277



1278 RUYTEN

Fig. 1 Application of multipoint, multicamera photogrammetry tech-
nique in AEDC 16-ft transonic wind tunnel.

Fig. 2 Illustrationof imagingprocess with respect to tunnel coordinate
system.
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In Eq. (1), (uc ,vc ) and fc are theprincipalpointandprincipaldistance
of camera c in image pixels, and ac is the ratio of row and column
spacings on the sensor array. In Eq. (2), x¤

c , y¤
c , and z¤

c specify
the position of camera c with respect to the wind tunnel. The nine
components u¤

xc: : : w¤
zc are elements of an othonormal orientation

matrix m¤
c that can be expressed in terms of a set of camera Euler
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c , · ¤

c , and !¤
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Different de� nitions of the Euler matrix R are possible. Here, the
de� nition of Eq. (A1) from Appendix A is used. The rows of the
matrix m¤

c can be thought of as an orthonormal set of unit vectors
u¤

c , v¤
c , and w¤

c in tunnel space that de� ne the axes of the camera
array and the viewing direction of camera c, respectively (Fig. 2).

In practice, lens distortioncauses a deviationfrom the ideal imag-
ing process implied by Eq. (1). The resulting image coordinatesukci

and vkci can be expressed in terms of the undistorted coordinates
from Eq. (1) by1;12;13

ukci D u.0/

kci ¡ ±ukci ; vkci D v
.0/

kci ¡ ±vkci (4)

The distortion terms can be expressed in terms of a radial distortion
parameter K1c by
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a) F-16C

b) EELV

Fig. 3 Nominal relation of model coordinate system and AEDC tunnel
coordinate system for two types of test article.

Higher-order distortion terms can be added, for example, when
working with short focal length lenses.

B. Model Alignment
To proceed, the tunnelcoordinates(x¤

ki , y¤
ki , z¤

ki ) of the point i must
be related to its model coordinates (xi , yi , zi /. This is done in two
steps, by specifying an initial alignment at some reference setting
of the model support system and subsequentmotion away from this
reference setting. The reference setting is conceived as a virtual set
point. It is thus not necessary that the model support system ever
be positioned exactly at this setting (which may be impossible as
a result of slack in the tunnel hardware). To emphasize the virtual
nature of the reference setting, it is denoted with the index k D 0.
Actual set points are labeled with k D 1, 2, 3, etc. At the reference
setting the relationship between the model coordinates (xi , yi , zi /
and tunnel coordinates (x¤

0i , y¤
0i , z¤

0i ) is assumed to be given by

x¤
0i D 1xm C Rm xi (6)

Here 1xm denotes a displacement vector with components (1xm ,
1ym , 1zm/, and Rm denotes an alignment matrix that is given in
terms of three Euler angles ®m , ¯m , and Ám by Eq. (A1) according
to

Rm D R.®m ; ¯m; Ám / (7)

Figure 3 shows two examples for the Arnold EngineeringDevelop-
ment Center (AEDC) 16-ft transonic wind tunnel, which employs a
tunnel coordinatesystem with an x¤ axis pointingupstreamand a z¤

axis pointing down. In this case (Fig. 3a) the model coordinate axes
in x and z are typically opposite to those of the tunnel, with nomi-
nal alignment angles ®m D 0 deg, ¯m D 180 deg, and Ám D 180 deg.
Alternatively (Fig. 3b), the model x , y, and z axes can be cycli-
cally permutated from the tunnel axes, giving rise to nominal align-
ment angles ®m D 0 deg, ¯m D 90 deg, and Ám D ¡90 deg. In both
cases a large axial displacement 1xm must typically be speci� ed.
A smaller vertical displacement1zm must typically be speci� ed as
well in Fig. 3a. In practice, all six alignment parameters (that is,
the parameters 1xm , 1ym , 1zm , ®m , ¯m , and Ám/ may be known
only approximately at the start of the test. An important part of the
multipoint calibration in Sec. II.D is to determine these parameters
with greater precision.

C. Model Motion
To complete the theoretical framework, the motion of the test

article away from the virtual reference setting from Sec. II.B must
be speci� ed. Rigid-bodymotion is assumed. The tunnelcoordinates
of a point i at an attitude setting k (with k D 1, 2, 3, : : : ) can then
be expressed as

x¤
ki D 1xk C Rk x¤

0i (8)

Here 1xk denotes a displacement vector with components (1xk ,
1yk , 1zk ), and Rk denotes a model attitude matrix that is given in
terms of three Euler angles ®k , ¯k , and Ák by Eq. (A1) according to

Rk D R.®k ; ¯k; Ák / (9)
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When using photogrammetry to determine model attitudes, the an-
gles ®k , ¯k , and Ák are the object of the measurement. During cal-
ibration, the displacement vector 1xk and attitude matrix Rk are
taken to be those of the model support system and are denoted with
an additionalsubscript zero. That is, when Eqs. (8) and (9) are used
for calibration, they are written as

x¤
ki D 1x0k C R0kx¤

0i (80)

with

R0k D R.®0k ; ¯0k ; Á0k / (90)

By proper selection of the origin of the tunnel coordinate system,
it is possible to set all or most of the components of the displace-
ment vector 1x0k to zero. For example, for the AEDC 16-ft tunnel
1x0k D (0, 0, 0) when the origin of the tunnel coordinate system
is chosen at the pitch-roll center of the model support system, as is
done in Fig. 3. Moreover, for the AEDC case, if the virtual reference
setting is selected to be that for which pitch, yaw, and roll of the
model support system are zero, the angles in Eq. (90) are given by
®0k D ALPI, ¯0k D 0 deg, and Á0k D PHII, where ALPI and PHII are
the readout values from the model support system.

D. Photogrammetry Tasks
When combined, Eqs. (1–9) express the image coordinates (ukci ,

vkci ) of a target point i for camera c at a model attitude setting k as
a function of these groups of parameters: 1) the target coordinates
(xi , yi , zi ) in model space; 2) the camera interior parameters uc, vc,
fc , ac , and K1c; 3) the camera exterior parameters x¤

c , y¤
c , z¤

c , Á¤
c ,

· ¤
c , and !¤

c ; 4) the model alignment parameters 1xm , 1ym , 1zm ,
®m , ¯m , and Ám ; and 5) the model position and attitude parameters
1xk , 1yk , 1zk , ®k , ¯k , and Ák (possiblywith an additionalsubscript
zero to indicate calibration settings).

Application of photogrammetry in the present context can now
be de� ned as measurementof a subset of these values, given values
for the other parameters. Table 1 lists the tasks that are considered
in this work. Bold print is used to indicate which parameters are to
be determined, either by explicit calculation or by iterative least-
squares optimization (see Sec. II.E). Entries “K” in Table 1 denote
values that are known either through measurement, estimation, or
readout from the model support system (“sting” in Table 1).

The tasks in Table 1 are listed in the order in which they are typ-
ically performed. In step 1 a single-point calibration is performed
for each camera separately, using a single attitude setting of the
model support system. At this point the user supplies estimated
values of the model alignment parameters. Initial values of the cam-
era parameters either can be estimated or obtained in step 1a by

Table 1 Photogrammetry tasks for wind-tunnel testing

Camera Camera Model
Target interior exterior Model position and Number of

Image model parameters parameters alignment attitude attitude Number of
coordinates coordinates uc, vc , fc , x¤

c , y¤
c , z¤

c , 1xm , 1ym , 1zm , 1xk , 1yk , 1zk , settings cameras
Step Task ukci , vkci xi , yi , zi ac , K1c Á¤

c , ·¤
c , !¤

c ®m , ¯m , Ám ®k , ¯k , Ák 6k 6c

1a Estimate Ka K Calculate Calculate K (nominal K (sting One only One at a time
camera (from DLT, (from DLT) values) values)
parameters with K1c D 0)

1b Single-point Calculate K Iterate Iterate K (nominal K (sting One only One at a time
camera (from (from values) values)
calibration step 1a) step 1a)

2b Predict K K K K K K (sting One at a time One at a time
target values)
positions

3 Multipoint K K Iterate Iterate Iterate (from K (sting Series of All at once
camera (from (from sting values) values) wind-off
calibration step 1b) step 1b) images

4 Determine K K K K K Iterate (from One at a time All at once
model P&A sting values)

5 Check K K K Iterate K K (from One at a time One at a time
camera (from step 4)
motion step 3)

aK D known. bStep 2 enables automatic image registration for subsequent application of steps 3 and 4.

an explicit calculation that is based on a direct linear transform of
measured image coordinates (see Appendix B).16 In step 1 it may
be necessary to hand select registration targets in one image for
each camera. During processing of subsequent images, it should be
possible to identify registration targets automatically,using the pre-
dictions from step 2 in Table 1 and the techniques from Ref. 14. A
possible exceptionis the case in which initial estimatesof the model
alignment parameters are poor. In this case it may not be possible
to predict accurately the image coordinates of registration targets
at attitude settings signi� cantly away from the setting at which the
single-point calibration was performed. The remedy in this case is
to select additional registration targets manually in a few images
and perform a preliminary multipoint calibration (step 3). In either
case, after registration targets have been selected (mostly automat-
ically) for a suf� ciently wide range of model attitude settings, a
multipoint calibration is performed (step 3) to obtain precise values
for all camera parameters and all model alignment parameters.This
completes the calibrationprocess.After this (step 4) model position
and attitudedeterminationcan be performedusing automatic image
registration. In luminescent paint measurements an additional task
is to map processed image data onto a three-dimensional grid of
the test article. This task can be interpreted as calculating model
coordinates(xi , yi , zi / for measured image coordinates(ukci , vkci /.7

A possible variation to step 1 would be to determine the interior
parameters of the cameras in a laboratory calibration1;17 and keep
them � xed in the single- and multipoint calibrations from Table 1.
This approach is preferred if accurate laboratory calibrations are
available.

E. Least-Squares Optimization
Steps 1b, 3, 4, and 5 in Table 1 involve determination of a set of

parameters through iterative least-squaresoptimization. To do this,
the theoretical model that is constituted by Eqs. (1–9) is written
symbolically as

ukci D ukci . p/; vkci D vkci . p/ (10)

Here, the vector p represents the set of unknown parameters. For
example, in step 1b these would be the � ve interior and six exterior
parameters for a speci� c camera. Let measured image coordinates
be denoted with a tilde. The task of determining a parameter vector
p can thus be interpreted as minimizing the least-squares sum

Â2. p/ ´
X

k

X

c

X

i

©
[ukci . p/ ¡ Qukci ]

2 C [vkci . p/ ¡ Qvkci ]
2
ª

(11)

The sums over the attitude settings k and the camera indices c can
involve either a single or multiple elements, as indicated in the
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right-hand columns in Table 1. The sum over i involves all targets
that are seen in the image associated with camera c and attitude
settingk. Closelyassociatedwith theÂ 2 merit functionfromEq. (11)
is the rms � t error

¾. p/ ´ [.1=N /Â 2. p/]
1
2 (12)

where N denotes the total number of image coordinate pairs in
Eq. (11). This error gives the rms deviation(in pixels) between mea-
suredand � tted image coordinates.In Ref. 1 Liu et al. approachmin-
imization of a merit function similar to that of Eq. (11) in two steps,
by separating interior and exterior camera parameters. Likewise, in
Ref. 2 minimization of Eq. (11) is broken into steps, by separating
camera parameters and model alignment parameters. Subsequent
work by the author has indicated that it is more ef� cient to � t all
data simultaneously,though this requires combiningdata from mul-
tiple model attitude settings and from multiple cameras. This is the
approach advocated here. To implement it, a Levenberg Marquardt
(LM) algorithm was adapted for iteratively minimizing the merit
function from Eq. (11).18 At the heart of the algorithm, a subroutine
must be speci� ed, which for a single targetpoint i producesboth the
values of the image coordinates ukci and vkci (considered functions
in the parameter vector p) and the derivatives of these coordinates
with respect to the � t parameters. Calculation of the derivatives is
straightforward by application of the chain rule to Eqs. (1–9) and
Eq. (A1). [For the distortion terms from Eqs. (5), it suf� ces to con-
sider the derivative with respect to K1c only.] From the derivatives
the so-calledcurvaturematrix must be calculated for use by the LM
algorithm. For Eq. (11) the elements of this matrix are given by

®mn ´
X

k

X

c

X

i

»
@ukci

@pm

@ukci

@pn
C @vkci

@pm

@vkci

@pn

¼
(13)

where m and n each vary over all components of the � t parameter
vector p. For each of the iterative tasks from Table 1, it is indicated
how initial values of the � t parameters can be obtained.Experience
has shown that satisfactory convergence of the LM algorithm is
typically reached in 1–10 iterations, even when � tting all six model
alignment parameters and up to 11 parameters (5 interior plus 6
exterior) per camera. This small number of iterations constitutes a
signi� cant speed up over the simplex method that was employed in
Ref. 2. Iteration was typically terminated when the change in rms
� t error reached 0.001 image pixels.

F. Precision Estimates
An important task that remains is estimation of the precision

of parameters that are obtained through least-squaresoptimization.
This is particularly true for the multipoint calibration procedure,
which can give rise to an underdeterminedsystem. For example, if
the model is pitched but not yawed or rolled, it may be impossible
to determine the lateral model alignment displacement1ym and the
yaw alignment angle ¯m . In this case it is desirable to � x ¯m to a
user-supplied value (for example, zero), so that model yaw angles
¯k can still be determined. Fortunately, estimation of the precision
of � tted parameters can easily be accomplishedas a postprocessing
step to the LM algorithm. Two methods are employed. The � rst is
based on calculationof the covariancematrix. This is the inverse of
the curvature matrix from Eq. (13), evaluated at the � nal values of
the � tted parameters. Let the diagonal elements of the covariance
matrix be denotedby Cmm . The precisionof � t parameter pm (that is,
the mth componentof the parametervector p) can then be estimated
as the probable standard error18

¾pm D [N=.2N ¡ M /]
1
2 ¾. p/C

1
2

mm (14)

Here,¾ (p) is the rms � t error fromEq. (12), N is thenumberof image
coordinatepairs in the � t, and M is the numberof � t parameters.The
factor 2N ¡ M thus represents the number of degreesof freedomof
the � t. When the estimated precision is large (for example, an order
of magnitude larger than the absolute value of the � tted parameter),
it is advisableto � x this parameterat a user-selectedvalueand repeat
the � t.

Strictly speaking, use of Eq. (14) assumes that measurement er-
rors are normally distributed. In practice, it is usually not known
whether this is the case. To assess the possible effects of nonnormal
measurement errors, a second method is used in Sec. III to estimate
the precision of � tted parameters. This is the so-called bootstrap
method,18 in which a set of to-be-� tted data is replaced with a set
of equal size, in which each point is a point from the original set,
but drawn randomly with replacement (that is, in a typical drawing
some points are omitted while others are duplicated). The new set
of data is then � t in the usual way. When this procedure is repeated,
e.g., 100 times, the precision of the � tted parameters from the orig-
inal data set can be estimated as the square root of the variance of
the � tted parameters from the randomized sets. Examples of both
types of precision estimates are given in Sec. III.

III. Application Examples
To illustrate the theory from Sec. II, some results are reportedthat

wereobtainedonpressure-sensitivepainttestsof an evolvedexpend-
able launch vehicle (EELV; see Fig. 3b)15 and an F-16C (Fig. 3a).19

Both tests were performed in AEDC’s 16-ft transonic wind tun-
nel, with eight charge-coupled device (CCD) cameras mounted as
shown in Fig. 1. Both test articles were nominally 6 ft long. (Only
the lower part of the EELV was viewed.) Cameras were reoriented,
refocused, and rezoomed (28–41 mm) between the two tests. Im-
ages sizeswere 1024£ 1024£ 16 bit. Subpixelcenteringof imaged
targets was achievedusing 16-bit centroiding,with an estimated ac-
curacy of 0.1 image pixels. (A more accurate technique has since
been developed based on template matching.20) Average numbers
of registration targets per image were 44 for the EELV and 34 for
the F-16C. Targets are distributed roughlyuniformlyacross the sur-
face (see Fig. 6 in Ref. 15 for the EELV and Fig. 7 in Ref. 20 for
the F-16C), with suf� cient three-dimensional variation to use the
direct linear transform to obtain initial values for the LM � tting
scheme.

Table 2 summarizes results of the multipoint camera and model
alignment calibrations for both tests. Principal point locations were
� xed at the centers of the CCD arrays (that is, uc D vc D 512), and
row-column spacing ratios were set equal to unity (that is, ac D 1).
Attempts to � t these parameters based on the wind-tunneldata were
found to produce values that deviate more from the selected nom-
inal values than was deemed likely (with uc and vc in the range
473–543 and ac in the range 0.996–1.004), presumably as a result
of projective coupling of the � tted parameters. Prerun and postrun
wind-off images were combined in the calibrations,giving a total of
80 £ 8 images for the EELV (pitch and roll) and 34 £ 8 images for
the F-16C (pitch only). Combining prerun and postrun data in this
way has the advantage that small changes in camera orientationas a
result of thermal effects in the tunnel2 are mitigated at the expense
of slightly higher rms � t errors [for example, ¾ . p/ D 0:57 pixels
for prerun and postrun F-16C data combined (see table footer), vs
¾ . p/ D 0:42 pixels rms for prerun and postrun data separately].
Figure 4 shows that between tests, as well as between cameras, a
consistent dependence of radial distortion on principal distance is
found. Covariance-based precision estimates of � tted parameters
from Eq. (14) are listed under “SigCov” in Table 2. Precision esti-
matesbasedon the bootstrapmethod (with randomdraws performed
on images as a whole) are listed under “BSFac” and are given as

Fig. 4 Radial distortion vs principal distance for eight zoom lenses
employed.
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Table 2 Wind-off calibration summary

EELV F-16C

Parameter Range/value SigCova BSFacb Range/value SigCovc BSFacb

uc , pix 512 Fixed —— 512 Fixed ——
vc , pix 512 Fixed —— 512 Fixed ——
fc, pix (24 ¹m/pix) 1230–1670 1.2 1.3 1189–1598 3.4 1.1
ac 1 Fixed —— 1 Fixed ——
K1c , 1E-8/pix2 1.0–7.5 0.06 0.9 2.3–10.5 0.12 1.0
Cam. position, in. Various 0.081 1.7 Various 0.17 1.2
Cam. angles, deg Various 0.026 2.9 Various 0.039 1.7
1xm , in. ¡55.716 0.0056 4.0 61.804 0.0039 2.0
1ym , in. 0.0701 0.0015 1.9 0 Fixed ——
1zm , in. 0.0131 0.0016 2.0 9.964 0.0030 4.1
®m , deg ¡0.155 0.009 5.7 0 Fixed ——
¯m , deg 90.012 0.0009 2.8 179.843 0.025 1.6
Ám , deg ¡90.010 0.0010 2.8 180.396 0.0087 4.2

aBased on ¾. p/ D 0:62 pix.
bFactor by which bootstrap rms error exceeds covariance rms error SigCov.
cBased on ¾. p/ D 0:57 pix.

Table 3 Wind-on position and attitude determination

EELV (Mach D 0.7–1.2) F-16C (Mach D 1.0)

Parameter Range SigCova BSFacb Range SigCovc BSFacb

1xk , in. ¡0.15 to ¡0.03 0.0023 5.4 ¡0.48 to 0.02 0.0035 5.5
1yk , in. ¡0.06 to 0.02 0.0069 2.1 ¡0.02 to 0 0.0062 2.7
1zk , in. ¡0.09 to 0.04 0.0068 2.3 ¡1.3 to 0.0 0.0070 2.2
®k , deg ¡6 to 6 0.010 1.4 0 to 26 0.015 1.2
¯k , deg ¡0.05 to 0.16 0.010 1.5 0.00 to 0.03 0.013 1.3
Ák , deg ¡47 to 154 0.019 3.3 0 to 0.16 0.033 1.7

aBased on ¾. p/ D 0:77 pix.
bFactor by which bootstrap rms error exceeds covariance rms error SigCov.
cBased on ¾. p/ D 0:84 pix.

Fig. 5 Example of wind-off deviation of photometrically determined
pitch angle from tunnel inclinometer angle for F-16C.

a multiple of the covariance-based values. For example, the boot-
strap precision for the model alignment factor 1xm for the EELV
is 4:0 £ 0:0056 in. BSFac values range from 0.9 to 5.7. On aver-
age, bootstrapping thus gives a more conservative estimate of the
precision of the � tted parameters than does the covariance-matrix
formalism.

Table 3 summarizes results of six-parameter position and at-
titude (P&A) determinations at wind-on conditions for the same
tests, with 99 £ 8 images for the EELV and 17 £ 8 images for the
F-16C. Least-squares � ts were performed on sets of eight images
at a time, with one image from each camera. Again, bootstrap-
ping (with random draws performed on the eight available images
per test point) produces more conservativeprecision estimates than
does the covariance-matrix formalism, though less so for attitude
than for position. The precisionof the photogrammetricallyderived
attitude angles is on the order of 0.010–0.015 deg for pitch and yaw
and about 0.04 deg for roll. These precision values re� ect, in part,
motion of the cameras during the test as a result of thermal effects
in the tunnel, as well as deformationof the test article (in particular,
the F-16C at high angles of attack). For example, when perform-
ing the same six-parameterP&A � ts on wind-off data rms � t errors

and P&A precision estimates are roughly half of those at wind-on
conditions. To assess the absolute accuracy of the results, a com-
parison was made between photogrammetricallydetermined pitch
angles and inclinometer-basedvalues (with an estimated accuracy
of 0.002 deg) for the F-16C test. Figure 5 shows that the difference
(0.010 deg rms) between these two sets of values is consistentwith
the calculatedprecision(0.015 deg rms) of the photogrammetrically
determined values.

IV. Conclusions
A comprehensive mathematical model has been demonstrated

for the application of photogrammetry in wind-tunnel testing. The
model emphasizes not only the usual calibration of the interior pa-
rameters of the cameras, but also the placementof multiple cameras
as well as the test article itself relative to the tunnel. Model po-
sition and attitude measurements are thus aligned with the pitch
and roll axes of the tunnel. This is accomplished by combining
data from multiple cameras and multiple attitudes of the model
support system in a least-squares � t, with up to 94 � tted parame-
ters (6 for model attitude and 11 per camera for eight cameras).
Fitted parameters are suitably averaged over the available data
points in this way, and precision estimates for the � tted parame-
ters can be computed either by use of the covariance-matrix for-
malism or by bootstrapping. The mathematical model also plays
the important role of producing estimates for image coordinates of
registration targets based on readout values of the model support
system, thus allowing automatic image registration according to
Ref. 14.

Once calibrated, data from multiple cameras can be combined
to determine the position and attitude of the test article during a
wind-tunnel test. At the present time the absolute accuracy for pitch
measurements appears to be on the order of 0.01 deg. It is esti-
mated that this value can be lowered by an order of magnitude if
three improvements are implemented: 1) zoom lenses are replaced
by � xed focal length lenses; 2) interior parameters of the cameras
are determined through independentlaboratory calibration (leaving
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only the camera exterior parameters to be determined relative to the
wind tunnel); and 3) cameras are mounted such that motion caused
by thermal expansion of the tunnel is minimized. These improve-
ments are not critical for the type of data for which the mathematical
model has been demonstrated (that is, pressure-sensitivepaint mea-
surements), but would be desirable for an optical system that is
dedicated to attitude measurements.

Appendix A: Euler Orientation Matrix
The following three-angle Euler orientation matrix is used for

model alignment, model attitude, and camera orientation (other
choices are possible):

R.®; ¯; Á/ D

0

@
c®c¯ s¯ cÁ C s®c¯ sÁ ¡s¯ sÁ C s® c¯ cÁ

¡c®s¯ c¯ cÁ ¡ s®s¯ sÁ ¡c¯ sÁ ¡ s®s¯ cÁ

¡s® c®sÁ c®cÁ

1

A

(A1)

where s® D sin ®, c® D cos ®, s¯ D sin¯ , c¯ D cos¯ , sÁ D sin Á, and
cÁ D cosÁ. This is the standard form for AEDC’s 16-ft transonic
wind tunnel, with tunnel coordinate axes as shown in Fig. 3 and
angles applied in the order yaw ¯ , pitch ®, roll Á. The following
sign conventions apply: nose to left (that is, up out of paper in
Fig. 3) for positive ¯ , nose up for positive ®, and left wing up
for positive Á. In Eq. (3) the matrix from Eq. (A1) is applied also
to specify the orientations of the cameras. This is consistent with
standard photogrammetry notation,1;12;13 except for a sign change
on the angles Á¤

c and !¤
c in Eq. (3).

Appendix B: Direct Linear Transform
In the direct linear transform (DLT) formulation the image coor-

dinates of a point i on the test article with model coordinates (xi ,
yi , zi / are expressed as1;7;16

ukci D
L1xi C L2 yi C L3zi C L4

L9xi C L10 yi C L11zi C 1

vkci D
L5xi C L6 yi C L7zi C L8

L9xi C L10yi C L11zi C 1
(B1)

The dependence of the DLT coef� cients L1 : : : L11 on the model
attitude setting k and the camera index c is not indicated explicitly.
By multiplyingout the denominatorsin Eq. (B1), linear expressions
in the DLT coef� cients are obtained.The coef� cients L1 : : : L11 can
then be obtained from a set of measured image coordinates by a
noniterative (that is, direct) solution of the least-squares normal
equations. From these, starting values for the iterative single-point
calibration from step 1b in Table 1 can be obtained. First, the DLT
coef� cients are converted to projective transform coef� cients. Sec-
ond, the resulting exterior camera parameters are transformed from
model coordinates to tunnel coordinates.

To convert the DLT coef� cients to projective transform coef� -
cients, radial distortion is neglected, that is, K1c D 0. Also, Eq. (2)
is expressed in model coordinates according to

Ukci D uxkc.xi ¡ xkc/ C u ykc.yi ¡ ykc/ C uzkc.zi ¡ zkc/ (B2)

Similar expressionsapplyfor Vkci and Wkci . The resultsfromEqs. (1)
and (B2) can be recast in the form of Eq. (B1). This yields expres-
sions for L1 : : : L11 in terms of the projective transform parameters
uc , vc , fc , ac, xkc, ykc, zkc , uxkc , u ykc , uzkc, vx kc , vykc , vzkc, wxkc ,
wykc , and wzkc . These expressions can be inverted to obtain the
projective transform parameters in terms of L1 : : : L11 [for exam-
ple, see Ref. 12, but with a minus sign added to Eq. (4.44)]. Let
the implied camera position be denoted by xkc. This vector trans-
forms from model coordinates to tunnel coordinates in the same
way as the vector xi in Eqs. (6) and (80). It thus follows that the
exterior camera position relative to the tunnel can be calculated
according to

x¤
c D 1x0k C R0k [1xm C Rm xkc] (B3)

Likewise, let the camera orientation matrix relative to the model
coordinate system be denoted by mkc , analogous to Eq. (3). This
matrix transforms according to

£
m¤

c

¤T D R0k RmmT
kc (B4)

The origin of the transposes in Eq. (B4) is that the rows (that is,
not the columns) of the matrices mkc and m¤

c correspond to vectors
in three-dimensional space [see Eq. (3) and Fig. 2]. Given the ma-
trix m¤

c , values for the camera tunnel angles Á¤
c , ·¤

c , and !¤
c can be

extracted using Eqs. (3) and (A1). In so doing, it does not matter
which of the two possible solutions is chosen.
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